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Abstract This paper presents the direct kinematics solution of a 4PUS + 1PS parallel manipulator. The
mechanism consists of a fixed base and moving platform connected by five serial chains. The solution of
its direct kinematics yields an eighth-degree polynomial in a single variable, which indicates that there
may be up to eight different configurations for the moving platform for a given set of joint variables. A
numerical example with eight real solutions is included. Therefore, the polynomial is minimal.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
Parallel manipulators have received more and more atten-
tion over the last two decades. This popularity is a result of
the fact that they have more advantages in comparison to se-
rial manipulators in many aspects, such as stiffness in mechan-
ical structure, high position accuracy, a larger payload to robot
weight, and high dynamic performance. A parallel manipula-
tor is a mechanism composed of a moving platform connected
to a fixed one by means of at least two limbs. The most stud-
ied type of parallel manipulator is, without doubt, the so-called
general Gough–Stewart platform, a fully parallel manipulator
introduced as a universal tire-testingmachine [1] and proposed
as a flight simulator by Stewart [2]. However, as six Degrees Of
Freedom (DOF) are not always required for most applications,
many parallel manipulators with less than 6-DOF have been in-
troduced, such as the famous DELTA robot with three transla-
tional DOF [3], the 3-UPU and 3-PRC architecture parallel robots
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Open access under CC BY-NC-ND license.with pure translational motions [4,5], a 4-DOF parallel manipu-
lator with parallel active limbs [6,7] and a 4-DOF hybrid parallel
manipulator with two translational and two rotational degrees
of freedom [8].
One of the challenges in studying parallel robots consists
of the difficulty in solving their direct kinematics problems,
which leads to systems of highly nonlinear equations [9].
Direct kinematic analysis is an essential component of the
design, programming and control of any mechanism, and
due to its difficulty, the problem has received extensive
attention in the literature. Solution approaches for such a
problem can be divided into two classes: numerical (iterative)
methods, and analytic techniques. To address this issue,
different numerical approaches, e.g. the artificial intelligence
approach, the Newton–Raphson method and the homotopy
method have been proposed [10–15]. But, relying purely
on numerical solution strategies might not lead to the
complete solution sets of the nonlinear equations governing
the problems. On the other hand, to alleviate the drawbacks of
the numerical methods and to find all possible solutions of the
direct kinematics problems of parallel manipulators, analytical
techniques are found in the literature. For instance, in solving
the direct kinematics of a general Stewart–Gough platform,
different elimination methods were proposed to obtain a
40th degree univariate polynomial [16–18]. Enferadi and
Akbarzadeh [19] used Bezout’s eliminationmethod to solve the
forward position analysis of double-triangle spherical parallel
manipulator, and more recently, Carricato and Merlet [20,21]
provided a general elimination procedure that solves the direct
geometrico-static problem of under-constrained cable-driven
parallel robots. It is naive to conclude that algebra, whether
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symbolic or numerical, is the key to effective solutions in
kinematics. Problem formulation, the initial step, is probably
the most important. It is here that geometric insight can
lay the foundations for a successful and elegant solution.
Therefore, others have used kinematic mapping to solve the
direct kinematics of parallel manipulators [22,23].
One major area of application of parallel manipulators is
flight and motion simulation. For this type of application,
rotational freedoms play a major role, while translations are of
lesser importance [24]. However, one translational freedom, the
heave, is of great significance in flight simulation. Hence, some
researchers proposed a subset of the platform freedoms for the
purpose of flight simulation, namely, manipulators with three
rotational freedoms and only one translation [25–27].
The purpose of this paper is to solve the direct kinematics
problem of a 4PUS + 1PS parallel manipulator as depicted in
Figure 1 [27]. Deriving the equations governing the problem
leads to four coupled equations. The equations are simplified
to a system of redundant polynomials and upon utilizing an
elimination strategy, a univariate polynomial of order eight
is obtained. However, it should still be verified whether the
polynomial is least-degree, as on the other hand, a number
of extra complex solutions will always emerge for all sets of
robot parameters. For this purpose, we give an example of robot
parameters that admit eight real solutions, thus, the polynomial
being minimal.
2. Description and mobility analysis of the manipulator
The architecture of themanipulator is composed of amoving
platform, a fixed base, four PUS-type active legs with the linear
actuators fixed to the base, and one PS-type passive leg to limit
the translational freedom of the upper platform in the direction
of the z axis. Each PUS-type active leg connects the moving
platform to the base by an active prismatic actuator, P at Bi, a
universal joint, U , at Ci, and a spherical joint, S, at Ai. Moreover,
the passive PS leg connects the moving platform to the base
with prismatic and spherical joints as depicted in Figure 2.
For the sake of analysis, a fixed Cartesian reference coordinate
frame,O{x, y, z}, is attached at the centered point,O, of the fixed
base, and a moving coordinate frame, P{u, v;w}, is attachedFigure 2: The geometric model of 4-PUS+ 1PS parallel manipulator.
to the moving platform at point P . According to this particular
design, when four actuated joint variables, r1, r2, r3 and r4, have
equal magnitude, the P-frame is parallel to the O-frame. Angle
β is defined between vectors
−→
PA1 and
−→
PA2, which are symmetric
with the vectors,
−→
OA3 and
−→
OA4, respectively. The parameters,
φ,ψ and θ , are defined as the three Euler angles rotating about
the z-, x- and y-axes of the fixed reference frame in sequence.
The transformation from themoving frame to the fixed one can
be described by a position vector, r0, along the z-axis, and a 3×3
rotation matrix, RPO, which can be expressed as follows:
RPO = Ry(θ)Rx(ψ)Rz(φ)
=
 cθcφ + sψsθsφ −cθsφ + sψsθcφ cψsθ
cψsθ cψcθ −sψ
−sθcφ + sψcθsφ sθsφ + sψcθcφ cψcθ

. (1)
The DOF of a 4-PUS+ 1PS parallel manipulator is calculated
by the general Grübler–Kutzbach formula as:
F = λ(n− g − 1)+
g
i=1
fi = 6× (11− 14− 1)+ 28 = 4, (2)
where λ represents the order of task space, n is the number of
links, g is the number of joints, and fi denotes the DOF of joint i,
where c and s stand for cos and sin, respectively.
3. Inverse kinematics analysis
Let d = [r1 r2 r3 r4]T be the four-dimensional array
of the joint variables and x = [r0 ψ θ ϕ]Tbe the
four-dimensional array of Cartesian variables, which describe
the elevation and orientation of the moving platform. The
inverse kinematic problem solves the joint variables from given
Cartesian variables.
The position vectors, bi, of points Bi(i = 1, 2, 3, 4) in the
reference frame, O, and the position vectors, api and ai, of points
322 G. Abbasnejad et al. / Scientia Iranica, Transactions B: Mechanical Engineering 19 (2012) 320–326Ai in the frames, P and O, respectively, can be expressed as:
b1 =
b
0
0

, b2 =
0
b
0

,
b3 =
−b
0
0

, b4 =
 0
−b
0

ap1 =

a cos

π − 2β
4

a sin

π − 2β
4

0
 ,
ap2 =

a cos

π + 2β
4

a sin

π + 2β
4

0
 ,
ap3 =

−a cos

π + 2β
4

−a sin

π + 2β
4

0
 ,
ap4 =

−a cos

π + 2β
4

−a sin

π + 2β
4

0

ai = RPOapi .
(3)
Referring to Figure 2, the vector loop for the ith PUS leg can
be written as:
bi + rikˆ+ lli0 = r0kˆ+ ai, i = 1, . . . , 4, (4)
where li0 is the unit vector representing the direction of vector−→
BiCi, while ri represents its magnitude, and kˆ is the unit vector
along the z-axis. Rearranging Eq. (4) yields:
− bi − rikˆ+ r0kˆ+ ai = lli0, i = 1, . . . , 4. (5)
Substitution of the values of vectors ai and bi from Eq. (3) into
Eq. (5), and squaring two sides of the resulting equation, yields
a system of four equations, namely:
ri2 + Ki1ri − Ki2 = 0, i = 1, . . . , 4 (6)
where coefficients Ki1 and Ki2 are nonlinear functions depend-
ing on geometric parameters, a, b, l, β , three Euler angles, and
the elevation of the moving platform. The detailed expressions
for Ki1 and Ki2 are given in the Appendix.
For a given x, Eq. (6) reduce to four quadratic equations,
which can be solved easily for ri, for i = 1 . . . 4. The solutions of
these equations can be written in a compact form as:
ri = 2−→BiAi · kˆ±

4(
−→
BiAi · kˆ)2 + 4(l2 − |−→BiAi|2),
i = 1, . . . , 4, (7)
where
−→
BiAi = ri + lli0.
It can be seen that there exist two solutions for each leg,
thus, eight possible solutions for a given platform as depicted
in Figure 3 for one leg.Figure 3: Two branches of inverse kinematics solutions.
4. Direct kinematics analysis
The direct kinematics problem solves the Cartesian variables
from given joint variables. Considering Eq. (6), direct kinematic
analysis yields a system of nonlinear equations with respect to
r0 and Euler angles.
To solve Eq. (6), analytically, two unit vectors, n and m, are
defined as:
n =
−→
PA1−→PA1 =
n1
n2
n3

, (8)
m =
−→
PA2−→PA2 =
m1
m2
m3

. (9)
These vectors define the orientation of themoving platform,
with respect to the reference frame, O. Then, the vectors, ai, can
be written accordingly:
a1 = an, a2 = am, a3 = −an, a4 = −am. (10)
Substituting the vectors of Eq. (10) into Eq. (5) and squaring
them, yields:
(an1 − b)2 + a2n22 + (r0 + an3 − r1)2 − l2 = 0, (11)
(am2 − b)2 + a2m12 + (r0 + am3 − r2)2 − l2 = 0, (12)
(−an1 + b)2 + a2n22 + (r0 − an3 − r3)2 − l2 = 0, (13)
(−am2 + b)2 + a2m12 + (r0 − am3 − r4)2 − l2 = 0. (14)
We still have to express that vectorsn andm are unit vectors
and the angle between them is β . These yield:
n12 + n22 + n32 = 1, (15)
m12 +m22 +m32 = 1, (16)
n1m1 + n2m2 + n3m3 = cos(β). (17)
For a given set of four actuated joint variables, geometric
parameters, a, b, l, and the angle between the vectors,
−→
PA1
and
−→
PA2, Eqs. (11)–(17) are a system of 6 nonlinear equations
in ni,mi, for i = 1, . . . , 3 and r0, which define the elevation and
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of the moving platform orientation by six parameters, ni,mi
for i = 1, . . . , 3 instead of three Euler angles, is redundant.
However, the advantages of this representation lie in the fact
that they are immediately algebraic and much simpler than
Eq. (6).
Now, subtracting Eqs. (13) and (14) from Eqs. (11) and (12),
respectively, yields:
4r0an3 − 2r0r1 − 2an3r1 + r12 + 2r0r3 − 2an3r3 − r32 = 0,
(18)
4r0am3 − 2r0r1 − 2am3r2 + r22 + 2r0r4 − 2am3r4 − r42 = 0.
(19)
But, from Eqs. (15) and (16), one has:
a2n12 = a2 − a2n22 − a2n32, (20)
a2m22 = a2 − a2m32 − a2m12. (21)
Substituting Eqs. (20) and (21) into Eqs. (11) and (12),
respectively, yields:
−2an1b+ b2 + r02 + 2r0an3 − 2r0r1
−2an3r1 + r12 − l2 + a2 = 0, (22)
−2am2b+ b2 + r02 + 2r0am3 − 2r0r2
−2an3r2 + r22 − l2 + a2 = 0. (23)
It can be seen that Eqs. (18), (19), (22) and (23) are four linear
equations in four parameters, namely, n3,m3, n1 andm2. Thus,
these parameters can be solved for r0 as:
n3 = r1 − r32a , m3 =
r2 − r4
2a
,
m2 = − l
2 − b2 − r02 + r0r2 − a2 + r0r4 − r2r4
2ab
n1 = − l
2 − b2 − r02 + r0r1 − a2 + r0r3 − r1r3
2ab
.
(24)
Substitution of the values of n3,m3, n1 andm2 from Eq. (24)
into Eqs. (15)–(17) leads to:
n22 +∆1 = 0, (25)
m12 +∆2 = 0, (26)
∆3m1 +∆4n2 +∆5 = 0, (27)
where:
∆1 = (l
2 − b2 − r02 + r0r1 − a2 + r0r3 − r1r3)2
4a2b2
+ (r3 − r1)
2
4a2
,
∆2 = (l
2 − b2 − r02 + r0r2 − a2 + r0r4 − r2r4)2
4a2b2
+ (r2 − r4)
2
4a2
,
∆3 = − (l
2 − b2 − r02 + r0r1 − a2 + r0r3 − r1r3)
2ab
,
∆4 = − (l
2 − b2 − r02 + r0r2 − a2 + r0r4 − r2r4)
2ab
,
∆5 = (r3 − r1)(r4 − r2)4a2 .
Two sides of Eq. (27) are multiplied by parameters n2 and
m1, respectively, which yields:
∆3m12 +∆4m1n2 +∆5m1 = 0, (28)
∆3n2m1 +∆4n22 +∆5n2 = 0. (29)Eqs. (25)–(29) can be rewritten in matrix form as:
0 0 1 0 0
1 0 0 0 0
0 ∆3 0 ∆4 0
∆3 ∆5 ∆5 0 ∆4
0 0 ∆4 ∆5 ∆3


m12
m1
n22
n2
m1n2
 =

−∆1
−∆2
−∆5
0
0
 . (30)
One can solve the foregoing equation for J = [m12,m1, n22,
n2,m1n2]T as:
J =

m12
m1
n22
n2
m1n2
 =

−∆2
−∆4
2∆1
2∆5∆3
+ ∆3∆2
2∆5
− ∆5
2∆3
−∆1
∆4∆1
2∆5
− ∆3
2∆2
2∆4∆5
− ∆5
2∆4
∆4∆1
2∆3
+ ∆3∆2
2∆4
+ ∆5
2
2∆3∆4

. (31)
Obviously, one can write the following from the foregone
equation:
J1 = J22 (32)
J3 = J42, (33)
J5 = J2J4. (34)
Expanding any Eqs. (32)–(34) results in an eighth-degree
polynomial in r0 as:
G1 + G2r0 + G3r20 + G4r30 + G5r40
+G6r50 + G7r60 + G8r70 + G9r80 = 0, (35)
where Gi, for i = 1, . . . , 9, depend on kinematic parameters.
The detailed expressions for Gi are not given here because they
are too large to serve any useful purpose. What is important
to point out here is that the above equation admits eight real
solutions for r0. Once r0 is found, a unique value of m1 and n2
can be calculated from Eq. (31). Ultimately, by substituting r0
into Eq. (24), all variables of vectorsm and n can be found.
To calculate the rotation matrix, RPO, the two unit vectors, u
and v, can be written as a linear combinations of the vectors,m
and n, namely,
u = −
 sin

π+2β
4

−1+ 2 cos

π+2β
4
2
n
+
 cos

π+2β
4

−1+ 2 cos

π+2β
4
2
m
v =
 cos

π+2β
4

−1+ 2 cos

π+2β
4
2
n
−
 sin

π+2β
4

−1+ 2 cos

π+2β
4
2
m.
(36)
The third vector in the triad, w, is determined by the right-
hand rule. Therefore, the rotation matrix, RPO, can be written as:
RPO =

u v w

.
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No. r0 (cm) n1 n2 n3 m1 m2 m3
1 −279.41 0.68 0.73 −0.094 0.21 0.97 0.033
2 −244.81 0.37 0.93 −0.094 0.78 0.63 0.033
3 −102.36 −0.58 −0.78 −0.094 −0.89 −0.43 0.033
4 −12.714 −0.90 −0.42 −0.094 −0.58 −0.82 0.033
5 193.22 −0.82 −0.57 −0.094 −0.44 −0.90 0.033
6 283.11 −0.43 −0.89 −0.094 −0.79 −0.58 0.033
7 425.60 0.63 0.78 −0.094 0.93 0.37 0.033
8 460.16 0.97 0.21 −0.094 0.73 0.68 0.033
Figure 4: The eight assembly modes of the example.
5. Case study
To show the efficiency of the proposedmethod, we solve the
direct kinematics problemof a 4PUS+ 1PS parallelmanipulator
with the following data:
a = 150 cm, b = 250 cm, l = 400 cm,
β = 30°, r1 = 61.7 cm, r2 = 110 cm,
r3 = 90 cm, r4 = 100 cm.Eq. (35) yields eight real solutions for r0,mi and ni for
i = 1, . . . , 3 as given in Table 1. These solutions, which are
depicted in Figure 4, correspond to the assembly modes of the
manipulator. Therefore, the univariate polynomial is minimal.
6. Conclusion
This paper presented the inverse and direct kinematics
problem of a 4PUS + 1PS parallel manipulator. While the
inverse problem solution is not original, direct kinematics
presents a new result. Using the dialytic elimination method,
four coupled equations were reduced to an eighth-degree
polynomial in a single variable. The results imply that, for
a set of four given actuator displacements, the foregoing
polynomial admits up to eight different solutions. A numerical
example, having eight real solutions, was included. Therefore,
the polynomial is minimal.
It is noteworthy that direct kinematics for a wide variety
of parallel manipulators can be reduced to some constraint
equations that place a number of points on corresponding
surfaces. Therefore, solving these rather rich varieties of
problem leads to the same types of equation, and might need
a general procedure; this is still an open problem.
Appendix
Detailed expressions for Ki1 and Ki2 of Eq. (6):
K11 = 2a sin

π + 2β
4

cos(ϕ) sin(θ)
− 2a sin

π + 2β
4

sin(ϕ) sin(ψ) cos(θ)
− 2a cos

π + 2β
4

sin(ϕ) sin(θ)
− 2a cos

π + 2β
4

cos(ϕ) sin(ψ) cos(θ)− 2r0
K12 = −2a sin

π + 2β
4

cos(ϕ) cos(θ)b
− 2a sin

π + 2β
4

sin(ϕ) sin(ψ) cos(θ)b
+ 2r0a sin

π + 2β
4

sin(ϕ) sin(ψ) cos(θ)
+ 2r0a cos

π + 2β
4

cos(ϕ) sin(ψ) cos(θ)
− 2a cos

π + 2β
4

cos(ϕ) sin(ψ) sin(θ)b
− 2r0a sin

π + 2β
4

cos(ϕ) sin(θ)− l2 + b2
+ 2a cos

π + 2β
4

sin(ϕ) cos(θ)b
+ 2r0a cos

π + 2β
4

sin(ϕ) sin(θ)+ r02 + a2,
K21 =

−2a sin

π + 2β
4

sin(ϕ) sin(θ)
− 2a sin

π + 2β
4

cos(ϕ) sin(ψ) cos(θ)
− 2a cos

π + 2β
4

sin(ϕ) sin(ψ) cos(θ)
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
π + 2β
4

cos(ϕ) sin(θ)

K22 = 2ar0 sin

π + 2β
4

cos(ϕ) sin(ψ) cos(θ)
− 2ab sin

π + 2β
4

cos(ϕ) cos(ψ)
+ a2 − 2ab cos

π + 2β
4

sin(ϕ) cos(ψ)
− 2r0a cos

π + 2β
4

cos(ϕ) sin(θ)+ b2 + r02
+ 2ar0 cos

π + 2β
4

sin(ϕ) sin(ψ) cos(θ)
+ 2ar0 sin

π + 2β
4

sin(ϕ) sin(θ)− l2,
K31 =

2a cos

π + 2β
4

sin(ϕ) sin(θ)
− 2a sin

π + 2β
4

cos(ϕ) sin(θ)
+ 2a sin

π + 2β
4

sin(ϕ) sin(ψ) cos(θ)
− 2r0 + 2a cos

π + 2β
4

cos(ϕ) sin(ψ) cos(θ)

K32 = −2a cos

π + 2β
4

cos(ϕ)
× sin(ψ) sin(θ)b− l2 + b2
− 2a sin

π + 2β
4

sin(ϕ) sin(ψ) sin(θ)b
− 2r0a cos

π + 2β
4

sin(ϕ) sin(θ)
+ 2r0a sin

π + 2β
4

cos(ϕ) sin(θ)
− 2a sin

π + 2β
4

cos(ϕ) cos(θ)b
+ 2a cos

π + 2β
4

sin(ϕ) cos(θ)b
− 2ar0 cos

π + 2β
4

× cos(ϕ) sin(ψ) cos(θ)+ r02 + a2
− 2r0a sin

π + 2β
4

sin(ϕ) sin(ψ) cos(θ),
K41 =

−2r0 + 2a sin

π + 2β
4

cos(ϕ) sin(ψ) cos(θ)
+ 2a sin

π + 2β
4

sin(ϕ) sin(θ)
− 2a cos

π + 2β
4

cos(ϕ) sin(θ)
+ 2a cos

π + 2β
4

sin(ϕ) sin(ψ) cos(θ)

K42 = −2r0a sin

π + 2β
4

sin(ϕ) sin(θ)− l2
− 2r0a sin

π + 2β
4

cos(ϕ) sin(ψ) cos(θ)
+ r02 + a2 + b2 − 2a cos

π + 2β
4
× sin(ϕ) cos(ψ)b
− 2a sin

π + 2β
4

cos(ϕ) cos(ψ)b
+ 2r0a cos

π + 2β
4

cos(ϕ) sin(θ)
− 2r0a cos

π + 2β
4

sin(ϕ) sin(ψ) cos(θ).
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